Worksheet 11 Solutions, Math 53

Line Integrals

Wednesday, November 7, 2012

1. If C is a smooth curve given by a vector function r(t), a <t < b, and v is a constant vector, show that

/ v-dr=v-[r(b) —r(a)]
c

Solution

Suppose that v = (g, Y0, 20). Then f(x,y, z) = xox+yoy+ 202 is clearly a function such that v =V f.
In particular, we see that F(x,y, z) = v the constant vector field with value v is conservative, and so
the Fundamental Theorem of Line Integrals applies. But f(x) = v - x for any vector x, so we see that

[ vede = 1) = fx(@) = v-10) = v x(e) = v+ 1)~ )

as desired.

2. Determine whether or not F(z,y) = e cosyi+ e®sinyj is a conservative vector field. If it is, find a
function f such that F =V f.

Solution

The Jacobian matrix of F enumerates the partial derivatives of the components of F, and is given by

T — |:6P/al‘ aP/ay} _ [e”cosy —e”siny
P = -

0Q/0x 0Q/dy e“siny e®cosy |’

If F were the gradient of some function f, then it would be conservative, and since all of its partial
derivatives are continuous, we would have OP/0y = 0Q/dz. Since this is clearly not the case, we can
conclude that there is no function f such that F =V f.

3. Suppose you're asked to determine the curve that requires the least work for a force field F to move a
particle from one point to another. You decide to check first whether F is conservative, and indeed it
turns out that it is. How would you reply to the request?

Solution

Since F is conservative, the line integral fc F dr depends only on the endpoints of C, and not on the
geometry in between. Since this integral can be interpreted as the work done by F on a particle moving
through the force field, it doesn’t matter which curve is used.



4. Evaluate the line integral

/ 22 dx + 2% dy + 3% dz,
c
where C is the line segment from (1,0,0) to (4,1,2).

Solution

We parametrize C' by
r(t) = (1— ) (1,0,0)+(4,1,2) = (3 +1,6,2t), 0<t<1.

Then r'(t) = (3,1,2), and the integral can be rewritten as
/ 22de+2?dy + y* dz :/ (22, 2%, y%) - dr
c c
1
= [ (e0n G20 31,2
0
1
= / 3(4t2) 4+ (9% + 6t + 1) + 2(t*) dt
0

1
:/ 23t2 + 6t + 1dt
0

= (23t°/3 + 3t + )|, = 35/3.

5. Evaluate the line integral

/F~dr,
c

where F(z,y) = 2y*i + 22yj, and C is given by the vector function r(t) = (t + sin(37t))i+ (¢t +
cos(3mt))j, with 0 < ¢ < 1.

Solution

This is a terrible integral to solve directly, so we apply the fundamental theorem of line integrals. The
Jacobian matrix of F enumerates the partial derivatives of the components of F, and is given by

oP/ox OP/oy| [vy* 2wy
0Q/ox 0Q/dy| — |2xy 2* |’

From this we can see that all of the partial derivatives of F are continuous, and that 0P/dy = 0Q /0,
so we can conclude that F is a conservative vector field.

5|

A straightforward calculation shows that f(z,y) = 2%y?/2 is a function whose gradient is (P, Q), so
the Fundamental Theorem of Line Integrals gives us that

[ F e = () = £60) = p2.1) = S0 = 2



6. Evaluate the line integral

/F~dr,
C

where F(z,y,2) = sinzi+ cosyj+ rzk, and C is given by the vector function r(t) = t3i — t2j + tk,
with 0 <t <1.

Solution

This integral can be approached directly using definitions. The derivative of r(¢) is given by r'(¢) =
<3t2, —2t, 1>, and so we can calculate

1
/CF ~dr = /0 F(r(t)) - r'(¢)dt
= / (sin(t?), cos(—t?),t*) - (3t%, —2t,1) dt
0

1
= / 3t%sin(t3) — 2t cos(—t?) + t* dt
0

1 1 1
:/ 3t2sin(t3)dt—/ 2tcos(t2)dt+/ thdt

0 0 0

1 1 1
= / sin(u) du — / cos(v) dv + / thdt
0 0 0

= —cos(u)|(1) - sin(v)|(1) + t5/5‘é

=6/5— cos(1) — sin(1).



